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Abstract 

We find a kind of variations of Gauss-Codazzi-Ricci equations suitable 
for Kaluza-Klein reduction and Cauchy problem. Especially the coun- 
terpart of extrinsic curvature tensor has antisymmetric part as well as 
symmetric one. If the dependence of metric tensor on reduced dimensions 
is negligible it becomes a pure antisymmetric tensor. PACS:03.70;11.15 
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1 Introduction 

1.1 Introductory Remarks 

As is well-known Gauss-Codazzi-Ricci equations are very important instruments 
for describing a submanifold in a Riemann space. By nature they appear in the 
Cauchy problem of general relativity [T], [2]. However the celebrated Kaluza- 
Klein dimensional reduction in string/M theory involves also a submanifold in a 
higher dimensional space-time. Therefore it is interesting to find the variations 
of Gauss-Codazzi-Ricci equations suitable for dimensional reduction. It would 
be best to look for a formulation which is convenient for both purposes: Cauchy 
problem in general relativity and Kaluza-Klein reduction in string/M theory. 
There are authors who proposed to use the lapse function and shift vector 
function [4] for characterizing the Cauchy problem as well as Hamiltonian for- 
mulation in general relativity. As shown in refs.T, n-dimensional (pseudo) 
Riemann space can be foliated by a family of n-1 dimensional Cauchy surfaces. 
On these hypersurfaces there exists "normal vector field" which is connected 
with the extrinsic curvature. But because of the shift vector the covariant form 
nA{A = 1, ■ ■ ■ n) of normal vector is not in the same direction with contravariant 
vector . They like the pair of axes of a oblique coordinates, ua is orthogonal 
to the initial surface(a::" — 0) but n"* is not (see next subsection for the detail). 
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Now we suggest a similar construction with lapse-like function related to the 
dilaton fields in string theory and shift-like vector function connected with 
Kaluza-Klein gauge field. Of course in general relativity we can use them to 
determine the Hamiltonian structure as well. In this construction the role of 
UA and n"^ are exchanged. The vector orthogonal to the initial surface is 
instead of ua- 

Significantly, the new construction leads to variations of Gauss-Codazzi-Ricci 
equations. Especially the counterpart of the extrinsic curvature has antisym- 
metric part and symmetric one. If the dependence of metric tensor on reduced 
dimensions can be neglected it becomes a pure antisymmetric tensor. This is 
what we will depict in this paper. 

In second part of this section we would like to give a brief review about lapse 
function and shift vector in order to compare them with new construction. We 
restrict ourselves from sec. 2 to 4 only one reduced dimension included. Sec- 
tion 2 is devoted for Gauss and Weingarten formulae while Gauss and Codazzi 
equations are presented in sec. 3 and sec. 4 respectively. In sec. 5 we discuss this 
construction presented in general relativity. Sec. 6 collects the main interest in 
the dimensional reduction including reduced dimensions more than one. Finally 
a short discussion about future work will appear in sec. 7. Besides we list the 
relevant Christoffcl symbols in an Appendix. 



1.2 Lapse Function and Shift Vector Re view [2]. [15] 

Einstein's theory asserts that space-time structure and gravitation are described 
by a pseudo Riemann space and a metric tensor gAB- It has been proved 
that n-dimensional (pseudo) Riemann space can be foliated by a family of n- 
1 dimensional Cauchy surfaces. On these hypcrsurfaces there exists a normal 
vector field ua satisfying the normalized condition 

n^n^ = e = ±1, (1) 

-1-1 and -1 corresponding to the space-like and time- like vector respectively. 
When the lapse function N and shift function Na{a = 1 • • • m) (in sec. 2-4 m=n- 
1) are introduced, using a coordinate frame, vector ha can be denoted by its 
components 

n^ = (0^_^,e7V), (2) 

n-l 

^{-N"/N,l/N). (3) 

Let hAB represent the metric on each hypcrsurfaces induced by gAB- Then we 
have 

gAB ^ hAB + f^nATlB, (4) 

hABn^ = h'^^UB = 0. (5) 
Explicitly we can write down inverse metric 
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or 



(7) 



and others. It is worthy to note that we have h\ — which is the most 
remarkable distinction with later construction. 
The extrinsic curvature tensor is defined by 

Kab = hlhl K^f3, (8) 
= e NTl^ = [(V„ iV^ + V;5 iV„) - dnh^p] , (9) 

Va Ni3 = da- (10) 

which is a symmetric tensor connected with the second fundamental form of 
the hypersurface, ^'^^ n-dimensional and m(=n-l)-dimcnsional 

Christoffel symbol respectively. 

From about definitions one can derive the Gauss-Codazzi equations and solve the 
Einstein equation in vacuum through Hamiltonian formulation cither. Please 
find the detail in refs[5,[5]. 

2 Gauss Formula and Weingarten Formula 

The standard Kaluza Klein reduction from n-dimensional space-time to n-1 
dimensional subspace is shown in the following formula 

dsl = e^'"^dsl^i + e2'"^(da;" + Aa dx'^ f , (11) 

dsl_^ ^ ho.fidx" dx^ (12) 

in which (j) is the dilaton field and ^Q,is a gauge field. Apart from a conformal 
factor e^"^"^ the metric is in the form 

ds^ = gABdx^ dx^ = hafidx"' da;^ + -jp{dx'' + dx")^ (13) 

where 

^ Ao, N-^ = e^^''-'^)'^ = e^"""^. (14) 

In eq.(13) we have added a factor e so that it can fit Cauchy problem as well. 
We also introduce the normal vector such that 

gAB = hAB + eUATlB UATl^ = £ hABn^ = h^^HB = 0, (15) 

and denote it in its components form 

= (0,---,e7V), nA = iNa/N,l/N). (16) 
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Similar to the lapse-shift case we can write down inverse metric 

AB _ ( h'^^ -TV" V + ° ^ 1 (17) 



and 



It is easy to find that 

hnc.^h^,, = K= 0, hi^Si. (19) 
We may imitate ref. 2J to introduce the "time flow" vector field 
= (0, • • • 0, 1), t^ = (-^", iV^ + e N^), 

so that 



hARt^ = -N^ 



and 

But we have no chance to use it latter. 
From eqs.(15)-(18) we know that 

ho^p = h^h^gAB. (20) 

Differentiate it we get 

Kp = {dy ht)hA0 + (5^ /if )/laB + h^h^h^dcgAB " h^h^ h'^dngAB ■ (21) 
Because of eq.(19) it becomes 

Define that 



-D7 hap = hap + Ktdnhap = h^hoh^dcgAB- (22) 



P2p - Ih-'^Da hsp + Dp Ks - Ds Kp) = Tip + Hl^, (23) 



I.e. 

Hlf, = -h^\Nadnhsp + NpdnKs - NsdnKp). (24) 
Insert eq.(22) into eq.(23) we obtain 

d7 
ap 

2 



P2 - 



^h'^^hfh^hp {dAgoB + dsgAD ~ dngAB) ^ 
It-c hthp ^g^^{dA9DB + dsgAD - dogAB) 

h-r hAuByC 
"C ''■a i^p^ AB — 
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hl{h^h^r% + d^h'=i). (25) 

In last step we have used the ambiguity because of eq.(19). It is clear that 

hlV^ /jC- ^ hlido, /i^ + r^shih^ - Pip hf) = 0, (26) 

which tells us that Vq is proportional to the normal vector field n^' , hence 
we can define a tensor Kaf3 by 

Va h'fi = K^pn^ (27) 

that is the Gauss formula in present case. Operator Vq we have introduced is 
an operator which operates on the n-dimensional index as well as m-dimensional 
index simultaneously [6]. In fact if we define the following operations 

V^n^ = a^n^ + rg^/i^n'^, ^ p nc = dp nc - T^chpnA; (28) 

and 

Vfs u., = dpu.,- P^^ , Wpv? = dp V? + . (29) 

Operator Vq on h'^ certainly agrees with eq.(26). However we have to note that 

V/3 gAB = 

op gAB - i daIt-p 9cb ~ dbI^p 9ca = 



-T^Ah'^pgcB - r^Bh^pgcA + O. (30) 
From definition eq.(23) and eq.(24) we have 

V^ hap = 

hap — P^fj has — PIj hsp — 
hap — H^p haS ~ H^^ hsp = 

-h^dnhap (31) 



V^ hap = 

h^h^h^dcgAB - h^c h^^h^T^has- 

hah'^^AchpigoB -eno ub) - h'^dnhap = 

hahph^ {dcgAB — ^ca9db — ^cb9ad) — h^dnhap = 

h^h^h^WcgAB - h';d,,hap = 

-h:;dnhap. (32) 
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Eq.(25)leads to 



therefore 



enD{d^h'^ + V%hthf)n^ (33) 

Kaf3 = 

~^do. + ^{V\b + N,V\j,)hihj = 

-fj^cr" A- N \ - fj^cr" 

~2^^«'^" 2^^"'^- ^^^^ 



in which 



Tc^p = d^Np- dfi 7V„, H^p = N^dnh^f, + edn{Na N^). (35) 

Similar to subsection Lapse review we can also define 

Kab = h'X h^B K = Ki = K^. (36) 

Here we want to point out that the tensor Kab has not only a symmetric part 
(Ti.) but also an antisymmetric part (JF). Since 

= V/3(n^nA) = {\7pn'^)nA+n'^^pnA (37) 

= UBHAVfig'^^ +2n^yf3nA (38) 

= 2T^Bh0n'^nA + 2n^Vi}nA (39) 

so that 

HA = -TiBhl^pn^'nA, (40) 
we then obtain the Weingarten formula as following 



V/3 UA 



hA^fjUB - euAT'^c^'fin'^nB = 

hlh^idpuB - T'^ch'^UD) - euAT^ch'pn^nB = 
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(41) 



or 



3 Variation of Gauss Equation 

To get the Gauss equation we have to calculate V^Va hg, that is 



d^d<,h'j3 + {d<,T%)hihf,h^- 

{dnT%)hth^ph-+T%{d,ht)h$ 

+r%hid^h^-id^p^f,)hf- 

T%hfh^-P^^h^)P^^. (43) 



From the definition of Riemann tensor we find 



(V^V„ - VaV^)/l^ = 

hihJ^h!^{dD^AB - s^rgs + rg^r^g - V^fT^b) - hfid-y Pip - da P^f 
Pin P:;^ + P'r, Pip) - {dnT%)h1Kh-^ - h^K) + V%h1{d^ hi- 



(42) 



da h^) = h^h^h^RADB 



(44) 



In which we have used a symbol 




rl _ P'' 4- — 

-< 7/3 ^ar] ^-ff} ■'777 a/3 

' '. ■ — da -^7/3 + H^r] ^aP ~ ^ar) -^^7/3 + 



^ 77/-" a/3 + ^ a/3 -"7'/ ^ ar; -"7/3 ^il3^a 



(45) 
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Tensor Sa-yf}^ has the foUowing symmetric properties hke Riemann tensor 

Sajff^ = —Sjai3^ (46) 

and 

+ S^0a + Sffaj = (47) 

but have no corresponding symmetries after contracting with a metric tensor. 
It is easy to find also 

Va hi = K^-^ UB - hsphldnW^ - h^"^r^cK9AB " hlT^sK' (48) 
As a result we obtain 

h^c h^h^h^RADB^ - Saj^^ + h% h^T^Bid^ K - da hV;) - h% /if (/i!;9„r^s - hldnT^B) 

4(^7 Va - V„V^)/l^ = 

K^pn^iKj nc - hcshldnh^^ - h^'^T^sh'^gAc - hiv^cK) - K^f)n^{K^i nc- 

eK^pKj - eK^fiK^i - {hlK^p - h;K^^){hin'' + /i^«n^)r;^B.(49) 

Contracting 7 with and multiplying h"^, then eq.(49) becomes 

h^^h'^'^RADBC = R- 2eRabn"n'' = R- 2e7V^J?„„ = 
R + h^^d^ Hip - K^^d^ H^^p + Tl^^ h^^Hlp- 



i/i"'5(2iVT - K<^Nx N^){dnha0dnh^s - dnKsdnh^^) (50) 
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in which we have used n-1 dimensional harmonic condition h"^T'^^ = 0. On 
the other hand, we can calculate the second term on the left hand side of the 
equation 



2e[Vc(n^VAn^) - V^(n^Vcn^)]. (51) 



Therefore 



dnhasdnhp^) + 2e[Vc(n^V^n^) - \/ Ain^^ cn"^)]- (52) 

The last divergence term in above equation, which may be neglected in Hamil- 
tonian formulation [7] [5], is important in the dimensional reduction. So we now 
evaluate it as well 



Vc(n^VAn'^) - VA(ri^Vcn^) = 

N^Yip) - 67V, 7v^(n„ + 7v„r^:j](r^„ + r^jj. (53) 



From Appendix we easily find 

r^^ + = Tip + ba^0 rs„ + r:^„ = ba^^ + i/i"''a„/i„^ (54) 
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Tip + NJ^Zp = b9/9</) + N^TZn = - j^dr^N = hdncf>. (55) 

Eventually we obtain 

Vc(n^VAn^) - VA(n^Vcn^) = 

-ehid^dacp + hd"<l)da<f)) + ed°'dnN^ + eb(2a"0a„iVa + d" Nc,dn<i) 

-dn{n/2 + ehN^ N^dncfy - (W/2+ 

ehN^ NW„<P){hd„<p + ^h'^^dnKp) (56) 
in which n-1 dimensional harmonic condition is also used. 

4 Variation of Codazzi Equation 

First of all, let us calculate the double covariant derivative of normal vector inP 

P^pV%htnr (57) 
Next, we have to antisymmetrize it as follows 
(V^V;3 - V/3V^)n'^ = 

RBDA^h^j^'n^ + eN{d^ - dp /i;')r^„ - (a„rg^)(/i|/i!; 

^h^hj)n^. (58) 
By using of the Weingarten formula (42) the left hand side of eq.(58) becomes 

(V^V,3 - VfiV^)iif = 

+bn^a„<^)(a^ ft^ - dp K,) + a^(^/i^"5„iv„ + bn^5„<^)/i^ - dp{^h^'^dnN^ 
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multiplying Hq on both sides of eq.(58), we would see 



1 



/i^/i!;)(l/i^^5„iV5 + bn^5„0). (60) 



Contracting index 7 with a we achieve the goal. 
-e(V„i^^-V^if) = 

dp{^h"Wr,N^)h2 - {K,h-p - ri^h2){j^h'^'dM 



+^{Nmp-, - NpH){H - N^h'^^dnhc^s) + ^{N'^Hap - NpH)dn 



+ ^N''{No,dnNp - NpdMdn(p 
+^{N^np^ - Npna^)dnh"'' 



■^N''{N^Hp^-Npna^)h'^^dnNs. (61) 
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5 Concerning Cauchy Problem and Hamiltonian 
Formulation 



The Cauchy problem in general relativity we are interested in starts from certain 
data on an initial n-1 dimensional space- like surface to look for their subseqiicnt 
evolution with the aid of Einstein field equation (for simplicity, in vacuum ). 
Obviously we now have c = — 1. Einstein equation includes evolution equation 
and constraint equation. To solve the field equations we have to find the con- 
straint equations first. For metric (15,17) we easily write down the following n 
constraint equations 

{N^N" + eN^)Rnn-N0R^n-lR = O, (62) 



{Na TV" + e 7V2)i?0 „ - TV" = (63) 

because they involve no second time derivatives. Eq.(62) can be simply related 
to Gauss-Codazzi equations. It can be reduced to 

^ (i? - 2e Rabu'^n'') + -^N^^ Rabh^^n'' = 0. (64) 

However, the relation between other n-1 constraint equations and Gauss-Codazzi 
equations is not so obvious. Besides, in derivation of Gauss-Codazzi equations 
we have used only the n-1 dimensional harmonic conditions. To fix the "gauge" 
it seems necessary to find n "gauge" (coordinate) conditions. 
As for the Hamiltonian formulation, presently due to that not only the time 
derivative /ia/3(= dnhap), but also N or (p and Na appear in Lagrangian 

£ = V^R = ^R. (65) 
The problem becomes much more complicated. So we prefer to study it later. 

6 Kaluza Klein Reduction 

6.1 Neglect the Dependence of Reduced Dimension 

In nowadays string theorists think that the four dimensional space-time physics 
is reduced from a 1 1-dimensional M-theory through Kaluza-Klein mechanism. 
Most naturally the reduced dimensions are space- like, so we use e — 1. 
When the compactifying radius is very small, the corresponding massive fields 
can be neglected we then assume that the metric is independent of reduced 
dimensions, and 

hal3 = 0, QAB = (66) 
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operator is equivalent to V^, Gauss-Codazzi equations become quite simple. 
In fact eq.(49)eq.(50) and eq.(52)are changed into following three equations 
respectively 

h'^^ph^ Radb'" = R.Q7/3'' — 27Y2"^ ^''"^ "'^ ^ ijV^"^ ^'^"^ ^ ijV^"^ "^"^ 

(67) 



/i^^ftC-i?^^^^^ ^ ^ _ 2i?a6n"n'' = R - ^.^a^-^"^ (68) 



i? = R - 2b(9"5„</) + b9"</)9„0) - -^J^^pJ^"^. (69) 



And eq.(61) is simplified to 

a 1 riu act J, D 



Va iC^" + 2bi^„09"0 = -RBAh^n"^ (70) 



= -7V(i?0„-7V/3i?„„) (if„^ = _i^„^, Np^Ap,N = e-'"^) (71) 

By use of the "vielbein" method or direct calculation the equivalent form of 
Gauss equation, the reduction formula, has already presented in literature (see 
for example [H] [3] [TOj and references therein) . 



6.2 Combine With the Fiber Bundle 

Gauss-Codazzi equations can be set up in distinct regions (exactly, neighbor- 
hoods) and there is a transition function matching them up. As an example let 
us examine the 11 dimensional Kaluza-Klein monopole 

dsli = Kpdx" dxf^ + -^{dx^° + (72) 

in which 

TV = g-t"^ 

is a functional of dilaton field (f>. Set Xa — (a^p, yi)i fJ- — 0, ■ ■ ■ ,7; i = 1, 2, 3 

= o /^'l ^ i^y^dyi + yidv2) = (±1 - cos e)dct> (73) 
2r(y3 + r) 2 

= y/yiVi) is the monopole in "south" and "north" regions (semisphere) re- 
spectively [11] . Therefore we get in these respective regions. Gauss and Codazzi 
equations with Na = A'^ and A~. The transition function is the well-known 
gauge transformation from A^ to A^. Of course, when we neglect the depen- 
dence of the metric on reduced dimensions, the difference in Gauss equation is 
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trivial (because that Gauss equation depends only on a functional of A, T , but 
not on A itself). 

By a conformal transformation the 10 dimensional part of eq.(72) is a D6 brane 
metric (in string frame) 

dsl^ = N-'^h^^dx" dx^ = N-^-n^^dxi" dx" + Ndy'dy\ (74) 

and 

= e-i* * {dx'^ A dN-"^) (75) 

= ^eijkv'dy^dy'' = dA^. (76) 
6.3 Reduced dimensions Icirger than 1 

Because of the complexity we will continue th(^ assumption that the metric is 
independent of reduced dimensions Thus we can easily prove that equations 

/la/3 = 0, QAB = 

are still hold in higher reduced dimensions. So we can use g^^s s^nd h^fj to raise 
and lower indices of whole space and subspace respectively. And we may omit 
tilde symbol on the covariant derivative operator. Let us start from a metric 

ds^ = gABdx^dx^ = h^^dx" dx^^ + % {df + Nldx°'){dy^ + Np dx^^) (77) 

iV., - N,. (78) 

in which we have used to denote the indices of reduced dimensions, and 

they are Euclidean. Then, the metric has the form 

gAB = liAB + N,jn\n^g. A = {a,j) (79) 

where 

n\ = iNi,Si), n'^ = {0,N-''^) (80) 

and 

n\nf = N-^/, hABuf = = /i^^n^, (81) 
explicitly we have for example 

- y _A^i/3 AT^ATi" J ' "i - NJ^ J ■ i^^^ 

Along the same line as in the derivation of eq.(27) the Gauss formula becomes 

V^hj = Kjnf, (83) 

where 

Ko^n' = {do, + T^ch^h'^hiNj = Kc^ff^N]. (84) 
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Because that 

hjV^ n\ = hf,{d^ n\ - rg^/if n^), (85) 
= -(5, + r^chah^X = -K„0'nfn\ = -K^^', (86) 

and 

- h% K^ff' = {S^ - N^ntn^)y^ n\ = V„ - nj,L„/, (87) 
here we have defined 

L^i^ N^ni^^n\^ NfU^^. (88) 
Therefore the Weingarten formula can be written as 

Va n\ = n{L„/ - hi Ko,0^N-^/ = -h^K^^' + Nin\L„/. (89) 

Since 

(Va n\)nf + n^Va nf = 

L^/ + Ljj. (90) 

So the tensor L satisfies the relation 

^aji -^aij ~ ^ ij ' (^-^) 

In the following we will derive the Gauss equation. Since 

(92) 



VaV;3 - V/3V„ = h^h^h^R^BCD - hfli\c.0 + ric{da hf - dp h^)h^^ ., 



and 



4VaV/3 = -(V« 4)(V/3 h^) (93) 



= N-^'^,Kj,Kf}^3 = -N]kJikpJ, (94) 

hence 

h^A h'^h^h^R^BCD = B.\a0-N-^'j{KjiK0^^-K0^K„^^)+{rt^-N^rfj)J'„0' 

(95) 

in which 

J'ap' = dcNi-d0Ni, (96) 

and 

(97) 
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At the end we obtain Gauss equation 

h^h^h^hf Rabcd = ^0/3^6 + N^^^^^KaSiKfj^' — K/jgiKaj') — -N^TapJ^r^sK 

(98) 

To get Codazzi equation and Ricci equation we note that the following equation 
is available 

V^V„ - V„V;3 = R^BDC'h'^h^nf + T^cidp - 5„ h^)nf . (99) 
By using of Weingarten formula we know 

(100) 

thus 

+{^0 Lji - Va L0h)nf - LjiK0'^j - L0Uk^^ i)h^+ 

{LjiLp^j - L0^iL^''j)n^ (101) 



= R^BCDh'j^h^nf + Tic{d0 h'^ - d„ h'^)nf . (102) 

Note that 

r,\ =-ld-' g,u , ri^. = \N\d'' g,u , (103) 
at last we obtain Codazzi equation 

V ak0j i-V 0kay i-Lj iK0j j+L0^ iKaj j = -RABCoh'^h^nf --{d^ ^jk)N~^i^i0, 

(104) 

and Ricci equation 

(V^ L^h - V„ V^)^"" + {LJiL0''j - L0hLjj)N-^i- 
{Ka''iK0^^ - k0'<iK^^^)N-^] = 

R^BCDh^h^nfn'j, - i(5j - Nl){d' iV,..)iV-\^^„^^-. (105) 
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7 Discussion 



In this paper we have derived variations of Gauss-Codazzi-Ricci equations, but 
there are several questions we need to research further. Firstly, we want to know 
what geometric meaning the tensor Kap has? Ordinary, the corresponding 
tensor presented in Gauss-Codazzi-Ricci equations is the extrinsic curvature, 
which is connected with the second fundamental form. In three dimensional 
Euclidean space half of second fundamental form is the principle part of the 
departure from tangent plane to a point which is in the neighborhood of the 
tangent point on the surface . 

Next, as mentioned in sec. 5 we have to perform the Hamiltonian formulation of 
general relativity in new metric construction. 

Thirdly, if metric depends on reduced dimensions in some special way, such 
as the spherical reductions \12\ it must be very interesting to know what new 
feature will arise. 
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Christoffel Symbols for One Reduced Dimension 



(106) 



+d0{No,/N^)] - 1/2N\N^ ATT + eN^){na0 + 2ehN^ NpdnCp) (107) 



= ^ [e(-^a7 - 2hN„dj^) + + 2eb7V^ 7V„9„(/.] (108) 



^na = -|^(-^«7 - 2BiV„a^</,) + hd^cp - ^{n^a + 2ebN^ NM) (109) 



nn = ^ [-h{d-<4> - N'<dn4>) + h-^'^dnNo] (110) 



r"n = ^HN^d-^ci) - {N^ -eN^)dn(l>) - N-^dr^N^] (111) 
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